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Abstract. In the paper the authors alternatively prove that the function 
[ifi x^p^i ~ ^p{^)\ completely monotonic on (0, oo) if and only if o < 1, 
where p g N and Vp(^) is the p-analogue of the classical psi function 
This generalizes a known result. 



1. Introduction 

Recall from [11, Chapter XIII], [15, Chapter 1] and [16, Chapter IV] that a 
function / is said to be completely monotonic on an interval / if / has derivatives 
of all orders on / and satisfies 

< (-i)"/^"^^;) < oo (1.1) 

for X € I and ti > 0. The celebrated Bernstein- Widder's Theorem (see [15, p. 3, 
Theorem 1.4] or [16, p. 161, Theorem 12b]) characterizes that a necessary and 
sufhcient condition that f{x) should be completely monotonic for < a; < cx) is 
that 

/•oo 

f{x)^ / e-^'da(t), (1.2) 
Jo 

where a{t) is non-decreasing and the integral converges for < x < oo. This 
expresses that a completely monotonic function / on [0, oo) is a Laplace transform 
of the measure a. 

It is common knowledge that the classical Euler's gamma function T{x) may be 
defined for a: > by 



Fix) = r 

Jo 



The logarithmic derivative of F{x), denoted by i'ix) = is called psi function 

or digamma function. 

An alternative definition of the gamma function r(a;) is 

r{x) ^ lim r„(a;), (1.3) 

p— >-oo 



where 



r (x) = — = - Cl 4^ 

' x{x + l)---{x+p) x{l + x/l)---{l + x/p) ^ ■ ' 
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for x > and p G N, the set of all positive integers. See [3, p. 250]. The p-analogue 
of the psi function 'tjj{x) is defined as the logarithmic derivative of the Tp function, 
that is, 

^,(.) = Ai,r,(.) = gg. (1.5) 

The function ■(/'p has the following properties: 

(1) It has the following representations 

Pi f°° 1- e-(P+i)* 

i,^(x)=lnp-J2-—=lnp- ^_ e-^'dt. (1.6) 

(2) It is increasing on (0, oo) and ip'p is completely monotonic on (0, oo). 

The very right hand side of the formula (1.6) corrects errors appeared in [8, p. 374, 
Lemma 5] and [9, p. 29, Lemma 2.3]. 

In [2, pp. 374-375, Theorem 1], it was proved that the function 

0aix)=x"[\nx-^ix)] (1.7) 

is completely monotonic on (0, oo) if and only if a < 1. For the history, background, 
applications and alternative proofs of this conclusion, please refer to [4], [12, p. 8, 
Section 1.6.6] and closely related references therein. 

The aim of this paper is to generalize [2, pp. 374-375, Theorem 1] and [4, p. 105, 
Theorem 1] to the case of the p-analogue of the psi function il>{x) as follows. 

Theorem 1.1. The function 

px 

X +P+1 

for p is completely monotonic on (0, oo) if and only if a <1. 

Remark 1. Letting p — >■ cx) in Theorem 1.1, we obtain [2, pp. 374-375, Theorem 1] 
and [4, p. 105, Theorem 1]. 

2. Proofs of Theorem 1.1 
First Proof. Prom the identity (1.6) and the integral expression 

ln-= —dt (2.1) 

a Jo t 

in [1, p. 230, 5.1.32], we obtain 

/■oo 

ep,i{x)=x [1 -e-(f+i)*]v'(i)e-^*di, (2.2) 
Jo 

where 

.(t) -r^-]- (2-3) 

The function (p{t) is increasing on (0, oo) with 

lim ip{t) = l- and lim <^(t) = 1. (2.4) 

t— >0 / t— >oo 

See [5, 6, 7, 10, 13, 14, 17] and related references therein. Therefore, for a; > and 
n G N, we have 



^p,a(*^) 



(1.8) 



in poo 

-i)ne^;^l{x) = x{-i)-— [i-e-(f+^)Xt)e--*dt 
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^ [l-e-(^'+i)Xt)e--*dt 

poo 

= x r(/?(t)[l-e-(P+i)*]e-^*dt 

^0 

-n r-V(i)[l-e"^^+'^*]e-^*di 
Jo 

pn/x 

= / r-i[l-e-(f+i)*](^(i)(te-n)e-^*dt 
Jo 

POO 

/ [1 - e-(P+i)*] ip{t){tx - n)e-^* d t 

J n/x 



+ 



> ^ 



i/x 



[1 - 



-(p+i)t 



](te-n)e-^*dt 



+ JVl\ r [1 - e-(f+i)*] (te - n)e-^* dt 

\ / J n/x 

= tn-1 [1 _ e-(p+i)*] (te - n)e-^* d t 

= x^"r[l-e-(f+i)*]e-^*dt 

/■OO 

- n / [1 - e-(P+i)*] e"^* dt 

/•OO />oo 

X / t"e-^*dt-a; / Te-^^+f+i)* dt 
. Jo Jo 

POO POO 

/ r-ie-^*dt + n / r-ie-(^+P+i)*di 



n 



■ n 



n 



n! 



= (f{-]nl 



= <P 



(a; +p + !)"+! 

.T 1 



(n-1)! ("-!)! 
n- -+n ^ ' 



X"- {x+p + 1)" 

1 



a;" (x+p +!)"+! a;" {x+p+lf' 



= f 
>0, 



a;/ {x+p+iy 
n\ n!(p+l) 



1 - 



X \ 



x+p+l, 



x) (a; +p 
where we used the formula 



1 1 Z""" 
ar- r(a;) k 



(2.5) 



for real numbers a; > and a; > 0, see [1, p. 255, 6.1.1]. So we obtain that the 
function 0p,i(x) is completely monotonic on (0, oo). 
Since 

(-ir[«(a;)^;(a;)](") = Q [(-l)V^H^)] [(-l)"-'t'("-'H^)] . 
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the product of any two completely monotonic function is also completely monotonic 
on their common domain. On the other hand, the function x"~^ for a < 1 is clearly 
completely monotonic on (0,cxd). Consequently the function 

for a < 1 is completely monotonic on (0, oo). 

Conversely, if Op^x) is completely monotonic on (0, oo), then 



d X 

for a; > 0, equivalently, 



In — — - - ^ppix) 



P x%{x) \ < 



x+p+1 



p 



xibLix) , , . 

, ^p\ / x+p+l 

a < 



Employing L'Hospital's rule and (1.6) results in 



-^'^ In ^ - M^) ^ - ^ - i^'pix) 

p _ T s^P 2 I 1 

(x+p+l)^ Z^fc=0 (x+fe)-' ^fe=0 (x+fe)^ 



= 1 1 y-p 1 

X Z^fc=0 (x+fe)2 

= 1, 

so it is necessary that a < 1. The proof is complete. □ 
Second Proof. From (2.2) and by integration by part lead to 

epAx) = -l [i-e-(^+^)Xt)^dt 

{ [1 _ e-(f+i)*] V5(t)}'e-^* di - { [1 - e-(^'+i)*] ¥>(i)e-^*} ijl^ 

= / {[l-e-(f+i)*](^'(i) + (p+l)e-(P+i)V(i)}e"''*dt. 

Therefore, for showing that the function 9p^i{x) is completely monotonic on (0,oo) 
for all p e N, it suffices to prove that the function 

[1 - e-(P+i)*] ifi'it) + {p+ l)e-(P+i) V(i) (2.6) 

is positive. Since the function (fi{t) is increasing on (0, oo), the derivative (p'{t) is 
positive on (0, oo). Further considering the limits in (2.4), the positivity of (p{t) 
follows. As a result, the function (2.6) is positive. 

The rest of the proof is the same as the first proof. □ 

Acknowledgements. The authors are indebted to anonymous referees for point- 
ing out some errors appeared in the first version of this manuscript. 
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